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ABSTRACT: The  basis, assumptions, and essential results of a molecular theory and comparisons with experiment 
are reviewed. An effective principle of corresponding states obtains and correlations between the scaling parameters, 
exceptions, and implications are discussed. An important quantity is the hole or unoccupied volume fraction h. In 
the equilibrium liquid its volume and temperature dependence results from the minimization of the configurational 
Hemlholtz free energy. The relation between liquid-glass transition lines for variable and constant formation histo- 
ries is obtained in the form of a generalized Ehrenfest equation in terms of h. PVT studies clearly indicate the con- 
tinuing significance of structural contributions to the thermodynamic functions far below T,, as expressed by varia- 
tions of the h function. The entropy surface of a given glass, however, is not uniquely determined by this function. 
I t  is proposed to accomodate this feature in the frame of the present molecular theory through e ,  the number of effec- 
tively external degrees of freedom. While c remains practically constant in the liquid range, it should decrease with 
decreasing temperature in the glass, in contrast to h ,  which decreases more slowly. Finally, future directions for the 
liquid and the glass under quasiequilibrium conditions are suggested. 

The many-body problem represented by the theoretical 
description of a disordered system, such as the liquid state at 
equilibrium, has remained a classical problem since van der 
Waals’ times. Almost all efforts have been concentrated on 
“simple” liquids, i.e., those with spherically symmetrical force 
fields. Two types of analytical approaches can be distin- 
guished. One starts out from rigorous statistical mechanical 
relationships and then by necessity continues by introducing 
well-defined approximations. In the second the point of de- 
parture is an intuitively more or less appealing model of the 
liquid state which then can be evaluated comparatively easi- 
ly. 

I t  is a theory of the second kind which is the primary con- 
cern here, because it has been extended to chain molecular 
fluids and when properly modified is quantitatively successful. 
We refer to the theory of Lennard-Jones and Devonshire 
(LJD). Its basis, results, and extensions are reviewed in several 
textbooks of statistical mechanics and it suffices here to recall 
its basic feature. The fluctuating field exerted by the sur- 
rounding constituents on a given particle is replaced by an 
average field which is defined by placing the former on a lat- 
tice and permitting the central molecule to move in the cell 
formed by its neighbors under a prescribed pair potential. In 
the simplest formulation correlations between particles en- 
trapped in adjacent cells are neglected. 

A pioneering extension of this model to chain molecular 
liquids was presented some time ago by Prigogine and his 
colleagues,2 who dealt not only with the one-component sys- 
tems of interest here but also developed a basic approach to 
mixtures. In spite of the well-known deficiencies of the cell 
theory, a solid-like theory, when applied to rare gas and similar 
liquids, it  has been more successful for oligomer fluids3 and 
amorphous  polymer^.^^^ Moreover it became the starting point 
for semiempirical extensions.6 The introduction of additional 
disorder by vacancy sites7 improves the situation considerably 
in respect to  the configurational thermodynamic functions. 
The presence of a hole or free volume fraction as a function 

minimizing the configurational free energy leads quite natu- 
rally to the consideration of liquid-glass boundaries, the glassy 
state as a partial equilibrium system, and the connection be- 
tween the liquid and its glasses, generated in a specified 
manner. 

We take this occasion first to recapitulate and to comment 
on the assumptions of the theory and to point to conclusions 
derived from applications to  amorphous polymers and poly- 
mer melts, including some recent data. Second we consider 
implications for the glassy state. 

(I)  The Liquid State 
(A) Assumptions. ( 1 )  The linear chain is subdivided into 

segments, each moving in the field of its intermolecular 
neighbors. The dissymmetry due to the intramolecular 
neighbors is disregarded. The basic intersegmental pair po- 
tential is taken to  be of the 6-12 form and the resulting cell 
potential is simplified a t  ordinary temperatures to a square 
well. At low temperatures, in practice the cryogenic range for 
polymer glasses, an expansion of the U D  cell potential, yields 
a quasiharmonic expression, with the force constant an ex- 
plicit function of volume. 

(2) In addition to the geometric parameter, the number s 
of segments per chain, a dynamic parameter arises in the 
following manner: In the evaluation of the configurational 
partition function, only those modes of motion are to be in- 
cluded which are determined or modified by intermolecular 
interactions, in other words, external degrees of freedom. 
Their identification is clear-cut in the simple structures which 
have been the usual testing ground for theories of the liquid 
state. There, the number 3c of pertinent degrees of freedom 
equals 3 or 6 for a spherically symmetrical and a rigid (no in- 
ternal rotations) asymmetric structure, respectively. Another 
extreme immediately identified is the ideally flexible chain, 
where the energy barriers for internal bond rotation are low 
in comparison with intermolecular effects. If furthermore no 
flexible (in this sense) side chains are present, 3c = s - 3 + 6 
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= s + 3, and as s increases, the characteristic flexibility ratio 
3c/s remains finite. Thus in all instances cited a clean sepa- 
ration between “soft” and “hard” modes exists. In a real 
flexible chain lacking either of the above attributes, it is still 
possible to identify groups of internal modes, such as bond 
stretching and bending. However, the bond rotations in the 
backbone and motions in flexible side chains may not belong 
to this class but may be modified in the transition to the dense 
state. The requisite superposition of intra- and intermolecular 
contributions to the partition function is straightforward in 
principle in a normal mode decomposition, which however is 
inappropriate in the liquid range. No treatment has been of- 
fered so far.8 Instead we have the original proposal of Prigo- 
gine et aL2 who clearly recognized the problem stands. These 
authors decouple hard and soft modes by assuming the exis- 
tence of a number 3c of external modes, which cannot be 
specified a priori. Moreover, c is to remain constant with 
changing volume and temperature. The flexibility ratio c/s 
enters the definition of the scaling temperature and thus is 
derivable from experiment (see below). 

(3) As mentioned previously, the cell theory in the Prigogine 
formulation is quantitatively superior to what one should 
anticipate from the results for simple liquids. Previous em- 
pirical isothermal density-molecular weight relationships for 
n - p a r a f f i n ~ ~ ~  and other hydrocarbon structuresSb~C are de- 
rived, volume-temperature curves for oligomers and polymers 
in the low-temperature range are in accord with experi- 
ment,4,5a and pressure effects can be accounted for semiem- 
p i r i ~ a l l y . ~ ~ , ~  Such successes are primarily due, we believe, to 
the comparatively low actual or reduced temperatures (see 
below) involved. 

Yet, these results are limited to the lower ranges of the re- 
duced temperature scale. A noticeable improvement ensues 
when the disorder in the model is enhanced by the introduc- 
tion of vacancies or holes in the quasilattice, while retaining 
the mathematical advantages of a lattice model.7 The partition 
function contains an additional factor corresponding to the 
entropy of mixing of a specified number of holes and chains. 
I t  is evaluated by assuming random mixing of vacant and oc- 
cupied sites of equal size and applying the expressions of Flory 
and of Huggins in their simplest form. A characteristic feature 
of cell theories is the appearance of a statistical mechanical 
free volume, not to be confused with the unoccupied volume 
introduced in empirical descriptions. Here a further as- 
sumption is made, namely a linear averaging of gas and 
solid-like contributions over the fraction h of empty sites. 
There is a similarity here to Eyring’s theory of significant 
structures.9 More satisfactory results are obtained when this 
averaging is performed over modes or lengths then over vol- 
ume7 and it has been adopted in all subsequent applications. 
Finally, the lattice energy term, corresponding to a localization 
of all segments on their sites, now also depends on h.  

(B) Comments. The representation of segments as 6-12 
point centers at the distances involved may be questioned and 
replaced in a refined theory by an atom to atom summation, 
as employed in the theory of Chandler and his colleagueslO for 
liquids of asymmetric rigid molecules. Alternative interseg- 
mental potential functions for polymer liquids have never 
been used, for one reason because the requisite lattice sum- 
mations and cell potentials are not available. We believe this 
should not be significant, as long as a reasonable repulsive 
term is retained. The numerical values of the scaling param- 
eters to be discussed subsequently and possibly the depen- 
dence of h on V and T may be altered, but the configurational 
energy, for example, remains unchanged. This conjecture is 
based on results discussed below. 

The square well approximation seems reasonable. Alter- 
native forms approximating the LJD cell potential have been 
used,2 with no significant differences in the end results. Ac- 

tually the square well extends the validity of the cell theory 
to higher temperatures than an alternative f ~ r m . ~ , ~ a  The 
complete LJD expression would produce a dependence of the 
free volume on volume and temperature, where the square well 
in the absence of vacancies produces a dependence on V only. 
These observations and the increased computational effort 
required do not encourage the introduction of the rigorous 
LJD potential. A t  low temperatures an expansion of this po- 
tential is appropriate for the discussion of low-temperature 
glasses.I1 More recently it has been shown that the equation 
of state of polymer crystals can also be successfully described, 
when the expansion is carried to one additional term.I2 

The free-volume approximation can only be vindicated by 
alternative analytical approaches or computer simulation. We 
can only say that it yields a physically reasonable behavior of 
the hole function, besides of course providing an equation of 
state in close agreement with experiment. 

Comments on the c factor will be postponed until the dis- 
cussion of results. 

(C) Results. The thermodynamic functions are expressable 
in reduced variables in terms of a scaling temperature T*,  
volume V*, and pressure P*. For large s, these quantities are 
defined as follows: 

T* = (s/c)(z - 2 ) c * / k  

P* = s ( z  - 2 ) € * / ( S U * )  (1) 

Here u* and e *  are defined by the segmental pair potential as 
the repulsive or hard-core volume and the potential minimum, 
respectively, and z is the coordination number of the quasi- 
lattice, set equal to 1 2  in the numerical evaluations, with z - 
2 the average number of nonbonded nearest neighbors. The 
numerical values of these parameters are known by now for 
a large number of systems. They are obtained by numerical 
or graphical superposition of theoretical and experimental 
isotherms and isobars with no further adjustments permissible 
in calculating compressional energies and entropies. We note 
in eq 1 that the flexibility ratio c/s is absorbed in the scaling 
temperature. In the cell theory and with the square well ap- 
proximation, it does not appear explicitly. The introduction 
of holes however changes the situation. The hole fracticn h 
is derived as a function of the reduced variables v and T by 
a minimization of the Helmholtz free energy. The resulting 
conditional equation involves explicitly c/s, a not unexpected 
result. It should be possible to obtain consistent values for 
different oligomers and polymers by solving the equilibrium 
condition for a series of c/s values and obtaining the best fit 
to experimental data. This turns out to be impossible because 
the resulting theoretical isotherms and isobars are superim- 
posable7 and hence they will superimpose equally on the ex- 
perimental curves. No independent method of arriving a t  a 
c value, except for small molecules and even these values are 
questionable, seems to be available. Thus we continue with 
an additional assumption by the assignment 3c/s = 1. This 
value would correspond to an ideally flexible s-mer without 
soft side chain motions, which now replaces the real chain 
consisting of n repeat units. This serves then to define the 
segment. In a simple structure, it will encompass more units, 
for example, in polymethylene about 2.5CH2 units, whereas 
in n-butyl methacrylate, the segmental molecular weight turns 
out to be only one-half the averaged molecular weight per back 
bone unit.13 Thus the volume of the segment will be a com- 
promise between size and fine structure of the repeat unit. 

We can dispense with an explicit display of the equation of 
state and determining equation for h and want to point only 
to some specific features. All thermodynamic functions and 
the pressure equation can be cast in the reduced form 
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with the condition 
(dF/dh)y,y = 0 (3) 

where F is the Helmholtz free energy. The transcendental eq 
3 requires a numerical solution, to be substituted in eq 2. This 
presents no particular problem. However, for practical ap- 
plications i t  is convenient to  have explicit expressions. At 
atmospheric pressure, the theoretical equation of state can 
be in excellent approximation represented by the following 
interpolation formula:14 

lnv  = -0.1034 + 23.835T3I2; 1.65 < X lo2 < 7.03 (4) 

or 
lnv = -0.1034 + (2/3)aT 

Li = (l /V)(dV/dT)p = 35.735T1/2 

Equation 4 accurately represents the reduced curves derived 
earlier from experimental data.4 I t  also provides a more 
stringent test of the theory by means of thermal expansion 
measurements. Theoretical deficiencies when not excessive 
can be remedied by empirical adjustments of scaling param- 
eters with changing temperature and volume. Such a device 
was first employed by us in applying the Prigogine theory to 
n -paraffins.3a Detailed measurements,15a literature data, and 
analyses15b on several structurally diverse organic polymers 
show the following results: Over a range d n f  100 “C, the pa- 
rameter V* changes maximally and minindly by 2 and 0.4%, 
respectively, whereas variations in T* are detween 9 and 2%. 
Although experimental errors may in some instances play a 
role, the changes are systematic. Both V* and T* increase with 
temperature. Formally this would imply a slight decrease of 
c, see eq 1, hence with our assumptions of s as well, and thus 
an enlargement of the segmental volume u * ,  all this being 
physically reasonable. The thermal expansivities are still quite 
accurately expressed by the theory, with deviations never 
reaching 10%. However, the temperature coefficients d d d T  
are smaller than is predicted by the square-root dependence, 
eq 4. In other words, the differences between theory and ex- 
periment become significant in the third derivative of the 
partition function. By pursuing some ideas of Bueche16 based 
on an entirely different approach, Litt arrives a t  an expression 
quite similar to eq 4,17 namely 

Q = [l - (2/3)aT]-I; (2/3)aT = T3/2/(l + T3’9 (4’) 

The scale factors are differently defined, but eq 4 and 4’ are 
identical up to terms O(aT). Thereafter eq 4‘ yields a slower 
increase of a with T then 4. 

Next it is instructive to examine the hole function h,  ob- 
tained by solution of eq 3. I t  turns out that the product (1 - 
h )  f: which represents the volume occupied by a cell, remains 
approximately constant over a wide range of temperature and 
~ o l u m e . ~ J ~ ~  This is particularly so in the range of reduced 
temperatures in eq 4 appropriate to organic polymers and 
oligomers at atmospheric pressure. Thus we can write for the 
unoccupied volume fraction 

Here VO changes from 0.947 to 0.967 as T increases by a factor 
of 4. Thus Vo corresponds to a “vibration” volume. I t  is 
noteworthy that this simple result emerges from the detailed 
considerations described earlier. The theory, of course, goes 
beyond that by providing an explicit expression for the tem- 
perature coefficient 

l/f df/dT [(I - h) /h]6  ( 5 4  
The result (eq 5) leads to an important conclusion regarding 
the configurational internal energy U.  The following expres- 
sion is d e r i ~ e d : ~  

withy = 1 - h. In view of eq 5 ,  this reduces approximately to 
the product of a slowly varying function of volume and y .  
Hence U becomes approximately proportional to 1/V, that 
is the van der Waals form derived from an entirely different 
model. Thus it is seen again that the introduction of vacancies 
in the lattice model with the assumptions discussed earlier 
modifies the results of the cell theory considerably. I t  will also 
be recalled that a van der Waals term is introduced in an ad 
hoc manner in some other approaches to the equation of state 
of dense fluids. This V-l dependence is however only ap- 
proximate. Indeed, consi_de_ring the internal oressure P ,  = 
(dU/dV)r ,  the product PIV--* is not constar 1, but propor- 
tional to a fractional power of V,6 which varies approximately 
between */s and 0.99, as derived from experimental data on 
oligomers and polymers.18 

No detailed examinations of P* variations, as indicated by 
volume-temperature measurements a t  elevated pressures, 
have been undertaken, but we can quote two results. For 
poly(viny1 acetate), up to 800 bar, a standard deviation of 1.7% 
from the average value of P* results. More recently Zoller has 
studied the equation of state of poly(tetrafluoroethy1ene) in 
a pressure and temperature range of about 2 kbar and up to 
372 “C, corresponding to  a reduced temperature of 8.16 X 
10-2,20 higher than was reached in previous studies. A stan- 
dard deviation of 4% is observed. These results, investigations 
of further systems,15a~21~22 and literature show good agreement 
between theory and experiment up to moderate pressures 5 2  
kbar. No data a t  higher pressures have been reported, which 
would require higher temperatures with an enhanced posi- 
bility of thermal degradation. Another limitation is the re- 
duction in the liquid range of pressures at low tempera- 
tures. 

We note finally that highly accurate polynomial solutions 
of the equilibrium condition, eq 3, have bsen derived recent, 
ly,2s albeit for a limited range, viz., 2.5 5 T X 10’ 5 4.0; 0 < P 
5 O.lOOL Expressions are given as functions of and and 
also of P and T. These are then substituted into the explicit 
form of eq 2 to yield the equation of state. Similar expansions 
are also presented for the configurational reduced energy and 
entropy, convenient for the calculation of corresponding heat 
capacity contributions. 

Before concluding this section a brief comment on the 
empirical Tait equation of state, 1 - V/Vo = C In (1 + P/B) ,  
is in order. As has been shown repeatedly, it serves well in the 
manipulation of experimental P-V-T data, in terms of a single 
adjustable temperature function B(  T), which is approximated 
by the exponential expression 

B ( T )  = Bo exp(-BIT) 

while a universal value can be assigned to the second dimen- 
sionless quantity C. The cell theory shows C to be a very slowly 
varying function of t e m p e r a t ~ r e . ~ ~  No consistent analysis in 
terms of the hole theory has been given. If the constancy of C 
is accepted as an empirical result, the theory yields just the 
temperature dependence obtained e ~ p e r i m e n t a l l y . ~ ~ J ~  In 
reduced form the equation is: 

B = 0.9549 exp(-49.22p) 

This permits a t  least an estimation of high pressure from low 
pressure densities. 

(D) The Scaling Parameters. The work referenced has 
produced the scaling quantities defined by eq 1 for a suffi- 
ciently large number of systems, so that comparisons could 
be undertaken, and with some exceptions rationalized in terms 
of structural characteristics. An extensive tabulation of these 
and derived parameters is given in ref 13 and will not be re- 
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Table I 
Characteristic Parameters 

Material T*,  K V*, cm3 8-l P*, bar MolMrep 
Poly(dimethylsiloxane)25 
Poly( tetrafluoroethylene)z'J 
Seleniumz6 

7893 
7906 

14180 

produced here. I t  results in the following correlation between 
the scaling entropy factor S* = P*V*/T* and T*: 

In S* = 1.319 - (3/2.01) X lO-*T* (7) 

This equation represents the results for n paraffins between 
C7 and C40 well. In the high molecular weight range, the limits 
are: 0.71 < V* < 1.17; 0.92 < 10-4T* < 1.3; 6.7 < 10-3P* < 
10.4. 

The practical utility of this correlation for estimating P* 
in the absence of pressure data is obvious. I t  implies that a 
large attractive ene_rgy e* and thus temperature T* ,  with the 
corresponding low T, results in a low entropy. Decomposition 
of S* into its constituent factors yields 

S*IR = (c/s)/Mo 

where S* represents an entropy per unit mass and Mo is the 
segmental molecular weight. The appearance of the factor 312 
in eq 7 is remarkable and indicates a 213 dependence of T* and 
e* (see eq 1) on Mo. This further suggests a correlation with 
the surface of the segment. The result is of the form 

10-4T* = In (MoV*IA)" ( 7 4  

where A = 9.3 or 7.4 and x = 2.113 or 2.213. The n paraffins, 
polyethylenes, and hevea rubber require the first, whereas the 
remainder are approximated by the second set of values. 

From eq 7 there follows: 

cln = 4.50 X 10-2Mrep X exp[-4.478 X 10-3t*/k] (7b) 

with 

t* = t*rep(n/s) 

where Mrep and represent the molecular weight and 
maximum attractive energy for each of the n repeat units. 
Equation 7b indicates how the number c of effective degrees 
of freedom per repeat unit decreases as nls and thus the size 
of the segment increases. Since a fixed ratio CIS has been im- 
posed, a relation between this size and the characteristic en- 
ergy 

nls = (7.4/Mrep) exp[4.478 X 10-3(e*r,p/k)(n/s)] (7c) 

As the cohesive energy increases, the ratio nls decreases, and 
the size of the segment required for a specified number of 
external degrees of freedom is reduced. Equation 7c represents 
in this manner the influence of the intermolecular potential 
on the parameter c in the expected direction. The effect is 
pronounced. For values of e*replk of the order of loz to lo3 (see 
Table I in ref 13), an increase of the energy by 50% reduces nls 
by a factor of 2 or more for values of Mrep of the order of lo2 
to 10. 

Three systems not included in Table I of ref 13 are shown 
in Table I. All three have parameter values outside the range 
for which eq 7 was established and show significant depar- 
tures, with S* being considerably lower than predicted. For 
the siloxane P* is small (small e * )  and, consistently, T* is also 
too small compared with the values for carbon backbone 
polymers in ref 13. Teflon has a small V* and T* is also com- 
paratively small. As one might expect, Se stands apart in re- 
spect to all three quantities. A strong attraction results in a 
very large T* and P*, and V* is small. I t  is not surprising that 
the simple repeat unit (ring structures have been disregarded 

for a specified Mrep obtains, namely: 

0.9602 5061 0.61 
0.424 6960 1.48 
0.2414 17050 1.21 

in the analysis) does not satisfy the 2/3-relationship, but 
neither does the siloxane. Teflon on the other hand obeys the 
same correlation with segmental volume as polyethylene. 

This concludes the discussion of the liquid state. Heat ca- 
pacities will be considered in the next section. 

(11) T h e  Glassy State 
(A) General Considerations. The question arises whether 

a connection can be established between the melt and the glass 
in terms of the configurational functions computed for the 
liquid. Which features of the equilibrium description can be 
retained in the discussion of a quasiequilibrium state of the 
glass? On narrower grounds one may inquire whether the 
conventional (low frequency) glass transition temperature T, 
can be characterized by a universal value of one or the other 
of the parameters appearing in the theory. This can be an- 
swered immediately. First, T, is not a corresponding tem- 
perature; F, does not assume a universal valu_e, but decreases 
with decreasing T,.15b For plastic materials T, values cluster 
around 3 to 3.5 X lo-*, whereas the few data available for 
rubbery polymers indicate values as low as 2 X lomz. On such 
grounds incidentally, one should anticipate a glass tempera- 
ture of about 200 K for polyethylene (T* E lo4) which is in 
accord with values suggested by dilatometric and other 
measurements. Another question concerns the unoccupied 
volume fraction h at  T, Again there is no constancy, but a 
trend. With increasing T,, h,  increases a t  atmospheric pres- 
sure from about 1 to 9 X 10-2.15b That  is, a high T ,  implies a 
relatively large free volume necessary to reach the liquid 
state. 

Reverting to the principal question raised at  the beginning, 
we must obviously omit to begin with at  least relaxational 
processes. That is, the pertinent experimentation must be 
carried out rapidly compared with the characteristic relaxa- 
tion rates of the system. In practice this implies that the 
neighborhood of the transition region is to be avoided. The 
existence and properties of a glass transition can only be de- 
rived by kinetic arguments. I t  will be accepted here as a 
macroscopic datum. The nonequilibrium character of the 
system is then manifested by memory effects or a dependence 
on the previous thermal h i s t ~ r y . ~ ~ , ~ ~ , ~ ~  An extensive quantity 
Q may be written in the following functional form: 

Q = Q(P,T;P',r) or Q = Q(P,T;T',p) (8) 

where r is the rate a t  which the liquid is cooled into the glassy 
range under a pressure P', and T' and p represent a formation 
temperature and pressurization rate, respectively. We will be 
dealing here with the former manner of experimentation only. 
In the usual pressure experiments aimed at  the pressure 
coefficient of T,, the liquid is cooled at  a fixed r, but under a 
series of pressures P', which generate a series of different 
glasses. On the other hand, the intersection of the liquid 
P-V-T surface with the corresponding surface of a glass ob- 
tained at a given r and P' yields a second pressure coefficient 
dT,t/dP and transition line, where T,+ is a function of P, r, 
and P' and, in accord with eq 8, characterizes a single glass. 

(B) Assumptions and  Results. The existence of a 
quasiequilibrium state will be built into the frame of the liquid 
state theory by removing the equilibrium condition, eq 3, but 
retaining the mathematical form of eq 2. Thus we can write 
the following two general expressions: 
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-P = (dF/dV)T,h (dF/dh)v,T (dh/dV)T 

-8 = (dF/dT)v,h + (dF/dh)v,T (bhldT)v  (9) 

At equilibirum the second term on the right-hand side van- 
ishes, and in the surviving term h varies with V and T in ac- 
cord with eq 3. Owing to our assumption, the function h (  V,T) 
solely is to distinguish between melt and glass. We can then 
interpret the derivatives a t  fixed h as lattice contributions, 
whereas the remaining terms denote contributions due to the 
variations of the structure in the glass with varying V and 
T. 

In the light of the well-known concepts and results of order 
parameter  description^,^^ it is suggestive to  assume h = h ( T  
= T,) = constant for T < T,, in eq 9. Somcynsky first dem- 
onstrated that this seriously underestimates experimental 
thermal expansivities a t  T,, with the discrepancy being re- 
duced, as T, decreases.29 Thus, the free volume fraction h is 
not constant in the glass. All subsequent investigations of the 
equation of state and the compressional energy and entropy 
are in accord with and amplify this resu1t.15b,19,23,26,30 

The equation for the transition line T,(P) can be written 
as follows: 

dT,/dP = (dT/dP)h + (dT1dh)p d h l d P  (10) 

where the relation between T, P, and h is obtained from eq 2 
and 3. The last derivative is to be taken along the transition 
line. Introducing T,t, eq 10 can be transformed to:233 

dT,/dP = dT,t/dP(FTIFp) + (dT/dh)p d h l d P  ( loa)  

where the so-called freezing fractions, FT and Fp, are defined 
as: 

Fx, = 1 - (dh/bXi)xk,/(dh/bX,)xk,i (i # k )  
X, and xk denote P or T ,  and g and 1 refer to the glass and 
liquid, respectively, a t  T,, with the Fl computed from theory. 
1 - Fx, therefore may be regarded as a measure of the residual 
liquid structure in the glass. Equation 10a has been tested for 
polystyrene, poly(~-methylstyrene),~~ selenium,26 and in 
particular poly(viny1 a ~ e t a t e ) , ’ ~ ~ ~ ~  where two glasses, formed 
a t  atmospheric pressure and 800 bar, respectively, were ex- 
amined. Moreover, FT at atmospheric pressure is known for 
a number of systems.15b In accord with the behavior of h in 
the glass mentioned earlier, FT is observed to approach unity 
for low T, and to  decrease to  values as low as 0.5 for a poly- 
carbonate. We refer for detailed discussion to the original 
references and mention only that F p  and FT are nearly equal 
to  each other in Se26 and in poly(viny1 acetate) for the glass 
of fixed formation history.23 Since the reduced glass temper- 
atures are about 0.02 and 0.03, h is approximately constant 
and F = 1 only in Se. Thus it appears that the constant for- 
mation line T,t can be identified with the locus of all points 
in the T-P plane which satisfy the condition h = constant and 
hence can be predicted by a single point determination. We 
remark that the equality of Fp and FT implies the equality of 
the derivative (dP/dT)h for the melt and constant formation 
glass at the transition, i.e., an equality of the lattice contri- 
butions to the internal pressure. This in turn follows from the 
continuity of T, P, and h along the T,? transition line.25 

Experiment indicates that  h does in general not represent 
a frozen ordering parameter. This, of course, does not negate 
the existence of such parameters. I t  does however negate the 
concept of the glass as a system frozen to such an extent that 
only lattice type contributions to the configurational ther- 
modynamic quantities survive. We recapitulate here briefly 
two arguments against such a concept, one arising from theory 
and the other from experiment. In addition to  the evidence 
just cited, it has been demonstrated that lattice contributions, 
as calculated from cell theory, accurately account for the 

thermal expansivity a of several organic polymers in the range 
of about 10 to 50 or 70 K, depending on the system.ll That is, 
h is effectively frozen a t  extremely low temperatures. Above 
this range, this assumption results in values which are con- 
siderably smaller than is observed. It is pertinent to recall in 
this connection the relation aV = - ( d s / d P ) ~ .  This result 
then is consistent with a gradually decreasing configurational 
entropy. All polymers studied in the cryogenic range had el- 
evated glass temperatures and detailed studies of rubbers 
below T, are of interest, where the extent of freeze-in is high 
to  begin with. The anticipated change in the temperature 
coefficient of h a t  the f l  relaxation is also observed.15b32lb The 
other argument arises simply from the fact that thermal ex- 
pansivities display the sub-glass relaxations seen in dynamic 
data.S2 

Equations 10a and 10 have been used so far to characterize 
the extent of liquid-like character in the glass in terms of the 
two F functions and to establish a generalized Ehrenfest 
relation involving molecular theory. As shown by McKinney3l 
they provide furthermore an estimate of memory effects 
arising from the functional dependence symbolized by eq 8. 
As a quantitative measure of the well-known densification 
effect, consider the coefficient 

K’ = -(l /V) (dv/dP’)p,r  

formally obtained by interchange of P and P’ in the definition 
of the isothermal compressibility for a glass generated by 
cooling a t  a specified rate under pressure P‘. In the many 
systems with differing T,’s examined so far,25 K’ is positive. 
A direct measurement of K’ in an organic polymer was first 
made by S h i ~ h k i n . ~ ~  On the other hand, expressions relating 
K’ to  other quantities can be derived and evaluated either 
solely by experiment or in combination with theory. On 
evaluating the volume changes in passing from the liquid into 
the glassy range under two formation pressures, the following 
equation is obtained:31 

K‘ = A(-Y(AK/AcY - dT,/dP) (11) 

where the symbol A indicates changes at  the transition and 
eq 11, a linear approximation, strictly applies to  the neigh- 
borhood of T, and for moderate pressures. An estimate of the 
errors involved for the case of poly(viny1 acetate) shows eq 11 
to be a good approximation even a t  lower temperatures. The 
repeatedly observed positive values of the parentheses are in 
accord with a positive densification. Various experimental 
procedures for the determination of the terms in eq 11 have 
been compared with each other.25 On the other hand, theory 
may be introduced by using the well-known identity between 
AK/A(-Y and dT,t/dP, as discussed for example by Goldstein.27 
This derivative in turn can be computed as (dT/bP)h, when 
Fp = FT, see eq 10 and loa. The agreement between the re- 
sults of this calculation and measurement is quite satisfac- 
t0ry,~5 considering the limited accord between experimental 
results from different sources for presumably the same poly- 
mer. The various procedures lead to K’ values in the range of 
2 for rubbery polymers t o  more than 10 Mbar-l. 

In the foregoing eq 2 has been combined with P-V-T ex- 
perimentation for constant formation glasses, rather than with 
the condition for thermodynamic equilibrium, eq 3, to  obtain 
the h function. Since by assumption this completely defines 
the system, we are in a position to compute not only the 
variation of the configurational energy and entropy with 
pressure but also isobaric and isochoric temperature coeffi- 
cients or heat capacities. For the equilibrium system one ob- 
tains in this manner the contributions of the effectively ex- 
ternal degrees of freedom to the total heat capacity. For three 
vinyl polymers Cp(conf) is found to range between 12 to 19% 
of Cp.  23 A separation of configurational contributions can be 
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accomplished experimentally by measuring the pressure 
coefficient of C p  or the temperature coefficient of a. Accurate 
expansivity data are available, but no such evaluation has been 
made. The comparison with theory would be inconclusive in 
this instance due to the quantitative deficiencies mentioned 
earlier. 

For the glass it is important to investigate the changes ACp 
and ACv occurring a t  the transition. The appropriate mea- 
surements for the poly(viny1 acetate) glass formed and ex- 
amined a t  atmospheric pressure have been evaluated re- 
cently.23 The computed configurational contribution to A C p  
is 47% and only 13% to .IC”. A large change in the vibrational 
contribution at T ,  must therefore be admitted, which cannot 
be accounted for by the free volume function h derived from 
the experimental P-V-T surface.34 Similarly, only 42% of the 
entropy difference between the glass and the undercooled 
liquid a t  0 “C are computed. A detailed discussion is found in 
ref 23. The important implication is that a single structural 
parameter (here h ) ,  not necessarily a constant, which deter- 
mines the P(V,T)  surface, is not sufficient to describe the 
corresponding entropy surface S (  V,T). This is consistent with 
a result of phenomenological theory,27 which requires more 
than a single ordering parameter to describe the observed 
changes a t  the transition. A different conclusion is reached 
for polystyrene by Oels and Rehage.35 

If our original assumption is to be modified and a second 
structure function introduced within the frame of the present 
theory, the only choice is the scaling temperature T* or c, since 
the other parameters are defined by the segmental potential 
solely. Whereas the derivatives of h are reduced in the tran- 
sition, an increase in T* and a decrease in c with decreasing 
temperature must be admitted, in contrast with the constancy 
for T > T,. This is not unreasonable as an expression of the 
conformational freeze-in of molecular motion. I t  would also 
be consistent with the enhanced sensitivity of C p  to temper- 
ature changes observed in the glass near T,. According to this 
assumption, the glass would find itself a t  a lower reduced 
temperature for a given T than the corresponding liquid and 
thus L C p  would be larger than computed otherwise. In the 
absence of such an effect, the theory furthermore predicts a 
lower enthalpy for the densified glass. This is contrary to 
observation, which would therefore require an increase of c 
by pressurization. The values derived above from the h 
function a t  constant c represent then free volume contribu- 
tions to X p  and ACv. 

(111) Conclusions 
(A) The  Liquid State. The theory has provided a quanti- 

tatively successful equilibrium description of the P-V-T 
function. Alternative analytical approaches would hardly 
improve the agreement with experiment but could provide a 
better foundation or critique of assumptions underlying the 
present results. An extension of the theory based on molecular 
distribution functions in its various approximate versions to 
chain molecular liquids is indicated.36a An obvious alternative 
is computer simulations.36b These can be particularly perti- 
nent in connection with the question of external vs. internal 
degrees of freedom, i.e., the relation between chain flexibility 
and configurational thermodynamics and short-range order 
as well. 

(B) T h e  Glassy State. We have noted that the extent of 
freeze-in varies with the location of the reduced glass tem- 
perature, as does the unoccupied volume fraction h at T,. 
These results suggest a consideration of the hole size or cluster 
distribution at and below T,. In polymers with a low T,, where 
h is small, this distribution is narrow and it broadens as T ,  
increases.13 A partial relaxation of the restraint condition, eq 

3, is indicated, which considers the contributions of hole 
clusters of different sizes to the configurational free energy 
and freezes the smallest size. This would define a frozen or- 
dering parameter in the sense of phenomenological theory. 
It remains then to be seen to what extent such an assumption 
reproduces the experimental h function. The question of en- 
tropy vs. volume surfaces and transition lines requires careful 
experimentation with concomitant systematic variations of 
formation histories. Such results make it possible to examine 
our proposals in respect to the theoretical quantities h and c. 
It should be added that any structural investigation of glasses 
generated by differing thermal histories will be of significance 
in this context. 

The question of predicting a glass transition and the ac- 
companying kinetics from the assumed molecular charac- 
teristics of the system remains as a challenge and can perhaps 
most fruitfully be attacked by molecular dynamics simula- 
tion. 
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